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Abstract
A permutation group is said to be quasiprimitive if every nontrivial normal subgroup is transi-
tive. Every primitive permutation group is quasiprimitive, but the converse is not true. Quasiprim-
itive group actions arise naturally in the investigation of many combinatorial structures, such as
arc-transitive graphs, and line-transitive 0nite geometries. We describe some of the properties
shared by 0nite primitive and quasiprimitive permutation groups, and some of their di2erences.
We also indicate some of the recent major combinatorial applications of 0nite quasiprimitive
groups.
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1. Introduction
A permutation group is said to be quasiprimitive if all its non-trivial normal sub-
groups are transitive. Quasiprimitive group actions arise naturally in the investigation of
many combinatorial structures, such as arc-transitive graphs, and line-transitive 0nite ge-
ometries. Thus, it is not surprising that the development of the theory for quasiprimitive
groups is closely linked with their uses in combinatorial applications. Finite quasiprim-
itive groups share many, but not all, of the properties of the special sub-class of
primitive groups. For example, similar bounds on orders, minimal base lengths, and
minimal degrees can be proved for primitive and quasiprimitive groups, but unlike
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primitive groups, an over-group of a quasiprimitive group need not be quasiprimitive.
These similarities and di2erences are part of the story of quasiprimitive groups and
their applications—which so far have involved 2-arc transitive graphs, Cayley graphs,
half-transitive graphs, and linear spaces.
In this paper, we 0rst discuss the similarities and di2erences between primitive and
quasiprimitive permutation groups. Then, in Sections 6 onwards, we discuss a variety
of ways they have been used to provide a theoretical framework for studying classes
of graphs, linear spaces, and other structures.
2. Invariant and normal partitions
Suppose that G6Sym(), with G transitive, and let C be a partition of . We say
that C is G-invariant if, for all g∈G and C ∈C, we have Cg = {g | ∈C} again be-
longing to C. Also, we say that C is G-normal if there exists a normal subgroup K of G
such that C is the set of K-orbits in . Now each G-normal partition is G-invariant, but
many transitive groups G have G-invariant partitions that are not G-normal. The trivial
partitions are the universal partition {} and the partition {{} | ∈} consisting of
the singleton subsets. These are both G-normal partitions, and hence also G-invariant
partitions, being the orbit sets of G and the identity subgroup, respectively.
A permutation group G is de0ned to be primitive on  if the only G-invariant parti-
tions of  are the trivial ones. On the other hand, if there exists a non-trivial G-invariant
partition, then G is called imprimitive. An equivalent de0nition for quasiprimitivity is
that G is quasiprimitive if and only if the only G-normal partitions are the trivial ones.
This latter de0nition demonstrates that the condition of being quasiprimitive is a strictly
weaker condition than primitivity. It is also the most useful de0nition for combinatorial
applications.
One crucial observation to make about imprimitive quasiprimitive permutation groups
G6Sym() is the following. Suppose that C is a non-trivial G-invariant partition.
Such a partition exists because G is imprimitive, and is not G-normal because G is
quasiprimitive. Then G induces a transitive action on C, and as the kernel K of this
action is an intransitive normal subgroup of G, it follows that K must be trivial.
Lemma 2.1. Let G be an imprimitive quasiprimitive permutation group on . Then
G acts faithfully on each non-trivial G-invariant partition C of .
If we choose the partition C to have maximal blocks, that is to say, if the only
G-invariant partitions with C as a re0nement are the universal partition {} and the
partition C itself, then G induces a primitive permutation group GC∼=G on C. Thus we
can associate each 0nite quasiprimitive action (G;) with at least one 0nite primitive
permutation action (GC;C). It turns out that the class of 0nite quasiprimitive permu-
tation groups shares many of the properties of its well-studied sub-class, the 0nite
primitive permutation groups. In the next two sections we will give a brief overview
of some of these shared properties. An audit of these has been carried out by Shalev
and the author in [41].
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3. Similarities between primitive and quasiprimitive groups: 19th century results
Some of the theorems about 0nite primitive permutation groups proved in the 19th
century hold for quasiprimitive groups with no change to their statements. We give a
few examples. One of the most useful, and perhaps the most famous theorems from
that period is the theorem of Camille Jordan [20] from 1875 on primitive groups
containing a cycle of prime length. For G6Sym() with ||= n, we say that G is
a permutation group of degree n, and for g∈Sym() having ai cycles of length i,
for each i= 1; : : : ; n, where n=
∑
i aii, we say that g has cycle type cyc(g) =
∏
i i
ai .
Jordan’s result holds for quasiprimitive groups.
Theorem 3.1. Let G be a quasiprimitive permutation group of degree n such that G
contains an element with cycle type p11n−p, for some prime p, that is, G contains a
p-cycle. Then either G¿Alt(), or n6p + 2 and p¿5. In particular, if G contains
a 3-cycle, then G contains Alt().
Proof. By Lemma 2.1, G acts faithfully on a G-invariant partition C with maximal
blocks. Let g∈G act on  as a p-cycle. Since G is faithful on C, the element g
must act non-trivially on C and hence must induce a p-cycle on C. It follows that the
blocks of C have size 1 and G is primitive on , and hence the result follows from
Jordan’s Theorem.
The problem of 0nding an upper bound “much smaller than n!” for the order of a
primitive group of degree n which does not contain An was one of the central problems
of 19th century Group Theory. The best result from that period, due to Bochert [5] in
1889 (or see [43, 14.2]), is that such groups have orders at most n!=[(n + 1)=2]!, and
is very easy to extend to quasiprimitive groups [41].
Theorem 3.2. Let G be a quasiprimitive permutation group of degree n such that
An ⊆G. Then |G|6n!=[(n + 1)=2]!.
One of the early ways of investigating the orders of primitive groups was to study
their minimal degrees. For G6Sym(), the minimal degree m(G) of G is the min-
imum number of points of  moved by a non-identity permutation in G. A lower
bound on m(G) in terms of n could be used to obtain an upper bound on |G| since,
|G|6nn−m(G). If G is quasiprimitive on  and C is a G-invariant partition, |C|¿1,
then the minimal degree mC(G) for the action of G on C is at least m(G), see [41].
Wielandt [43, p. 43] observed that a result of Jordan from 1871 can be reinterpreted as
proving the following inequality, and this result also holds for quasiprimitive groups.
Theorem 3.3. Let G be a quasiprimitive permutation group of degree n such that
An ⊆G. Then m=m(G) satis8es
n ¡
m2
2
log
m
2
+ m
(
log
m
2
+
3
2
)
:
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In these last two results, consideration of the primitive action of G on a G-invariant
partition C with maximal blocks gives the required result immediately by Lemma 2.1
unless G∼= Alt(C) or Sym(C). These latter actions must be dealt with separately to
complete the proofs.
4. Pre- and post-classi%cation results
Many of the 19th century results, especially those useful in analysing the structure
of primitive permutation groups, were improved and extended during the 20th century.
Before the classi0cation of the 0nite simple groups, methods from general group theory,
representation theory, and combinatorics were used, while after the simple group clas-
si0cation explicit information about simple groups enabled much more precise results
to be proved.
4.1. Elements of prime order in quasiprimitive groups
As a 0rst example, consider Jordan’s Theorem, Theorem 3.1. Manning and others
continued the study of elements of prime order p in primitive groups G of degree
n, other than An or Sn. The best result from early this century is due to Manning
[29–31]. It gives an upper bound for the number of 0xed points of an element of G
with cycle type pq1n−qp which is linear in q, for q6(p + 1)=2. The alternating and
symmetric groups Ac and Sc (c¿p) acting primitively on the n= (
c
2 ) unordered pairs
of distinct points from a set of size c were obstacles to extending Manning’s result for
larger values of q since they contain elements of order p with q= c− (p+1)=2 cycles
of length p and a large number of 0xed points: for example, if c= (3p − 1)=2 then
q=p−1 and n−qp= q(q−2)=8. The best result before the classi0cation was obtained
by the author [35, Theorem A]. It characterised the primitive groups for which a linear
bound does not hold, and thereby extended Manning’s result to values of q less than p.
It was shown in [41] that it holds with a small modi0cation for quasiprimitive groups,
but the proof was not completely straightforward.
Theorem 4.1. Let G be a quasiprimitive permutation group on a set  of n points,
such that, for some prime p, G contains an element with cycle type pq1n−qp, where
26q¡p. Then one of the following holds.
(i) n− qp65q=2− 1;
(ii) G=An or Sn;
(iii) G=Ac or Sc on unordered pairs (n= ( c2 ); c¿p; q= c − (p + 1)=2);
(iv) G = ASL(2; 3) or AGL(2; 3) (n = 9; p = 3; q = 2).
Using [35, Theorem A] and the 0nite simple group classi0cation, Liebeck and Saxl
[25] obtained a complete classi0cation of the 0nite primitive permutation groups satis-
fying the hypotheses of the theorem. It should be possible to extend their classi0cation
to quasiprimitive permutation groups having this property.
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Problem 4.2. Classify all 8nite quasiprimitive permutation groups which contain an
element of prime order p with fewer than p cycles of length p.
4.2. Orders of quasiprimitive groups
The 0rst signi0cant improvement of Bochert’s 1889 result Theorem 3.2 was made in
1969 by Wielandt, (see [44, pp. 237–296]) who obtained an exponential upper bound
for the orders of primitive groups which are not 2-transitive. Wielandt’s result was
extended in 1980 in [40] to all primitive groups not containing An, and again with
a little care it was extended in [41] for 0nite quasiprimitive groups. The bound has
a number of advantages in applications, sometimes over numerically better bounds,
since it is a simple function of n, and it holds for primitive permutation groups of all
degrees n.
Theorem 4.3. Let G be a quasiprimitive permutation group of degree n¿1. Then
either |G|¡4n or G∼=An or Sn.
The 0rst sub-exponential upper bound on the orders of primitive groups was
obtained by Babai [1,2] in 1981–82. Again it extends to quasiprimitive permutation
groups, see [41].
Theorem 4.4. Let G be a quasiprimitive permutation group of degree n, such that
An ⊆G. There is a constant n0 such that, if n¿n0, then |G|¡ exp(4n1=2 log2 n).
When the 0nite simple group classi0cation is used, a rather precise result is possible
for primitive group orders of the form O(nc log n) with speci0ed exceptions. This result
was obtained by Cameron [6, Section 6], or see [7, Theorem 5.8]. This bound also
carries over for quasiprimitive groups [41], but the class of exceptions is not as nicely
speci0ed as it is in the primitive case.
Theorem 4.5. Let G be a quasiprimitive permutation group of degree n. Then there
exist constants c; c′ such that either
(a) |G|6nc log n, or
(b) for positive integers m; k; l such that k6c′; l6c′ and m¿4c′, we have G6Sm 	Sl
with soc(G) = (Am)l and (Am−k)l6soc(G)6(Sm−k × Sk)l ∩ soc(G).
In case (b), there is a G-invariant partition C with maximal blocks such that the
action of G on C is faithful and permutationally isomorphic to the product action
with Am or Sm acting on k-subsets. The original statement of Cameron’s theorem [6,
Theorem 6.1(S)] gave an even smaller bound nc log log n with a longer list of exceptions,
and this result, with appropriate modi0cation of the list of exceptions also holds for
quasiprimitive groups. We reiterate that these latter results rely on the 0nite simple
group classi0cation.
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4.3. Bases and minimal degree
A base of a permutation group G on a set  is a sequence 1; 2; : : : ; b of elements
of  such that the only element of G which 0xes each of the i is the identity element.
Let b(G) denote the minimum base size for G in , and similarly denote by bC(G)
the minimal base size for G in a G-invariant partition C. It is easy to prove [41] that
b(G)6bC(G). Moreover, b(G) is useful in estimating |G| since 2b(G)6|G|6nb(G),
where n= ||. Babai’s result Theorem 4.4 was proved by deriving an upper bound on
b(G), and his upper bound holds also for quasiprimitive groups.
Theorem 4.6. Let G be a quasiprimitive permutation group of degree n such that
An ⊆G. Then there is a constant n0 such that, if n¿n0, then b(G)64
√
n log n.
Using the 0nite simple group classi0cation, Liebeck [22] obtained an O(log n) upper
bound for b(G) for primitive groups of degree n, with an explicit list of exceptions,
and Liebeck and Shalev [27] obtained an O(1) upper bound for b(G) for almost simple
primitive groups, again with an explicit list of exceptions. (A group G is almost simple
if T6G6Aut(T ), for some non-abelian simple group T .) In each case, by Lemma 2.1,
we deduce immediately that these upper bounds hold for quasiprimitive permutation
groups (G;) unless the action (G;C) is one of an explicit list of primitive groups,
where C is a G-invariant partition consisting of maximal blocks. It would be interesting
to obtain an explicit list of quasiprimitive actions (G;) for which these upper bounds
did not hold.
There are analogous results for the minimal degree m(G) of G, as de0ned in
Section 3. The result of Babai [1] gives an improved version of Theorem 3.3, which
also holds for quasiprimitive groups [41].
Theorem 4.7. Let G be a quasiprimitive permutation group on a set  of size n such
that G ⊇ An. Then m(G)¿(
√
n− 1)=2.
Using the 0nite simple group classi0cation, Liebeck and Saxl [26] obtained a linear
lower bound n=3 for m(G) with prescribed exceptions for primitive groups. Their
result was improved by Guralnick and Magaard [17] who obtained a lower bound n=2
with prescribed exceptions. Again, it would be interesting to obtain an explicit list of
quasiprimitive actions (G;) for which these lower bounds fail to hold.
5. Structure and over-groups of quasiprimitive groups
One of the most important theorems from the point of view of applications of 0nite
primitive permutation groups is the O’Nan–Scott Theorem (see [24]). This theorem
partitions the 0nite primitive groups into several disjoint classes in such a way that
explicit information about either the group structure or the action is available for each
class. In applications involving primitive permutation groups, each of these classes of
primitive groups may then be handled separately. It turns out that an analogous theorem
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is available for 0nite quasiprimitive permutation groups. This was proved by the author
[37] in 1993. Eight disjoint classes of 0nite quasiprimitive permutation groups were
identi0ed, in exact analogy with the primitive case. We give a very brief summary.
More details can be found, for example in [37] or [38]. Let G6Sym() be a 0nite
quasiprimitive permutation group, and let N be the socle of G, that is, the product of
the minimal normal subgroups of G. Then N =Tk where T is a simple group and k
is a positive integer. In all types, except the type HA, T is a 0nite non-abelian simple
group.
HA: = GFkp for a prime p, and G is a subgroup of aRne transformations of , with
N =Z kp the group of translations.
HS: =T , k = 2, and N =T:Inn(T )6G6=T:Aut(T ).
HC: =T l, k = 2l¿2 and N =T l:Inn(T l)6G6T l:Aut(T l).
In these three types, all quasiprimitive groups are primitive, and each minimal nor-
mal subgroup of G is regular on , that is, transitive and only the identity ele-
ment 0xes a point. If type HA, N is the unique minimal subgroup, while in types
HS and HC, N is the product of two minimal normal subgroups. In the remaining
0ve types, N is the unique minimal normal subgroup of G. Each of these types
involves imprimitive quasiprimitive groups as well as primitive groups. A diagonal
subgroup of a direct product T1 × : : : ×Tk ∼= Tk (k¿1) is a subgroup of the form
D= {(t; t’2 ; : : : ; t’k ) | t ∈T}∼= T , where the ’i ∈Aut(T ). Let ∈.
AS: k = 1, and N =T6G6Aut(T ), an almost simple group.
SD: k¿1, and N is a diagonal subgroup of N .
CD: k = lm; l¿1; m¿1, and N =
∏l
i=1 Di where each Di is a diagonal subgroup
of Tm.
TW: G is a ‘twisted wreath product’ and N is regular on .
PA: N6G6H 	Sk , where T6H6Aut(T ), and there is a G-invariant partition C of 
with blocks of size at least 1 such that G preserves a product decomposition C=k
and H6Sym() is quasiprimitive.
A major di2erence between primitive subgroups and imprimitive quasiprimitive sub-
groups of Sym() lies in the nature of their over-groups in Sym(). Suppose that
G¡H6Sym(). If G is primitive then H must also be primitive. On the other hand,
if G is an imprimitive quasiprimitive group, and C is a non-trivial G-invariant partition
of , then the stabiliser in Sym() of the partition C is a non-quasiprimitive over-
group of G since it has
∏
C∈C Sym(C) as a non-trivial intransitive normal subgroup.
In spite of the existence of such non-quasiprimitive over-groups, an understanding of
the possibilities for quasiprimitive over-groups of G is important for applications.
Problem 5.1. Classify the quasiprimitive over-groups of a 8nite quasiprimitive group
G6Sym() in terms of their O’Nan–Scott types, and their socles.
A classi0cation in the case of almost simple primitive groups G was given as part
of the classi0cation of the maximal subgroups of the 0nite alternating and symmetric
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groups in [23]. This result was extended to cover all primitive groups in [36]. The
remaining case of quasiprimitive over-groups of imprimitive quasiprimitive groups is
handled in [3]. Certain problems remain, the solution of which require the solution
of several problems concerning factorisations of 0nite almost simple groups, see [39,
Problems 1–3].
6. Automorphism groups of graphs
For a graph  = (; E) with vertex set  and edge set E, if C is a partition of 
then the quotient graph of  relative to C is de0ned to be the graph  C = (C; EC)
where {C; C′}∈EC if and only if there exist ∈C and ′ ∈C′ such that {; ′}∈E.
Quotient graphs inherit some of the properties of the original graphs. For example,
quotients of connected graphs are connected. Moreover if the partition C is invariant
under some subgroup G of the automorphism group Aut( ), then  C admits GC as a
subgroup of automorphisms.
6.1. 2-arc transitive graphs
In particular, suppose that G is transitive on the arcs  , that is, the ordered pairs
of adjacent vertices, and suppose that C is a G-invariant partition of . Then G is
transitive on the arcs of  C. However,  C may not inherit some properties which may
be crucial to an investigation. In particular,  C may not inherit the property of 2-arc
transitivity. A 2-arc in  is a triple = (0; 1; 2) of vertices such that {0; 1} and
{1; 2} are edges and 0 = 2. If G is transitive on the 2-arcs of  , then although G
is transitive on the arcs of  C, it need not be transitive on the 2-arcs of  C. However,
if C is G-normal and |C|¿2, then G is transitive on the 2-arcs of  C, and  C is a
cover of  (which means that  and  C are ‘locally’ the same, and in particular have
the same valency). Moreover, if in addition the only G-normal partitions which are
re0ned by C are C itself and {}, then G is also quasiprimitive on the vertex set C
of  C, see [37]. It was these observations which motivated the 0rst serious analysis
of 0nite quasiprimitive permutation groups in [37]. It turned out that, of the eight
O’Nan–Scott types of quasiprimitive groups only four of them could be admitted as
2-arc transitive automorphism groups of graphs, and for one of those types, the type
HA, all quasiprimitive 2-arc transitive graphs could be classi0ed, see [19].
Theorem 6.1. If  = (; E) is a 8nite connected graph and G6Aut( ), is such that
G is transitive on the 2-arcs and quasiprimitive on the vertices of  . Then G has type
HA, AS, TW, or PA. Moreover, if G has type HA, then  is known.
This result has been applied successfully to gain further insight into the class of 2-arc
transitive and 3-arc transitive graphs. (A 3-arc is a 4-tuple of vertices (1; 2; 3; 4)
such that consecutive pairs i; i+1 are adjacent, and i−1 = i+1.) For example, using
Theorem 6.1 and the classi0cation in [19], Li [21] has classi0ed all graphs satisfying
the hypotheses of Theorem 6.1 for which the number of vertices is a prime power.
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6.2. Cayley graphs of non-abelian simple groups
For a group G and a subset S of G satisfying that 1G =∈ S and S−1 = S, the Cayley
graph Cay(G; S) of G relative to S is de0ned as the graph (G; E(S)) with vertex set
G and edge set E(S) consisting of those unordered pairs {x; y} from G for which
yx−1 ∈ S. The graph Cay(G; S) is connected if and only if S is a generating set for G.
Each Cayley graph  = Cay(G; S) admits the group G:A(G; S) as a subgroup of auto-
morphisms, where G acts by right multiplication, and
A(G; S) = {x∈Aut(G) | Sx = S}
acts naturally. Moreover the group is equal to the normaliser of G in Aut( ).
There are various types of Cayley graphs of non-abelian simple groups G for which
the full automorphism group is larger than G:A(G; S). The possibilities were analysed
in [16, Theorem 1.1]. They were categorised according to O’Nan–Scott type in the
case where Aut( ) was quasiprimitive on vertices, and otherwise according to the type
of the quasiprimitive action induced by Aut( ) on a normal quotient graph. It was
shown that each of the possibilities could indeed arise for automorphism groups of
Cayley graphs of non-abelian simple groups. At 0rst glance the relevance of the theory
of quasiprimitive permutation groups for this problem may not be apparent since in
general the group G:A(G; S) is not quasiprimitive on vertices. However, without it, the
analysis would have been impossible.
It was demonstrated in [16, Theorem 1.3] that under some rather technical conditions
one could guarantee that Aut( ) =G:A(G; S). The conditions included both restrictions
on S and also the non-existence of certain simple group factorisations involving G
as a factor. The graphs satisfying these conditions were all edge-transitive but not
arc-transitive. Somewhat surprisingly these conditions could be shown to hold for an
in0nite family of 0nite alternating groups and for the family of Ree simple groups,
giving graphs of this type with unboundedly large valency. The conditions also hold
for some of the larger sporadic simple groups. The theorem below was proved in [16,
Constructions 4.1 and 4.2].
Theorem 6.2. Let G; P; p; x be as in (a), (b) or (c) below.
(a) Let G=Ap+1, where p is any prime satisfying p ≡ 3 (mod 4), and p + 1 is not
a power of 2. Let P= 〈u〉¡G, where u= (1; 2; : : : ; p), and let x= (1; 2; p + 1).
(b) Let G= Ree(q), where q= 32n+1¿3, let p be a prime dividing q2 − q + 1, say p
divides q+&r+1, where r = 3n and &=±1, and let P be a Sylow p-subgroup of G.
Then there exists x∈G of order q− &r + 1 such that CAut(G)(x)∩NAut(G)(P) = 1
and no element of NG(P) inverts x. Let x be such an element.
(c) Let G;p; q, be as in one of the columns of Table 1, and let P= 〈u〉∼= Zp, a
Sylow p-subgroup of G. Then there exists x∈G of order q such that NG(〈x〉)∩
NG(P) = 1. Let x be such an element.
Set S := xP ∪ (x−1)P . Then  := Cay(G; S) is a connected edge-transitive, but not
arc-transitive Cayley graph for G of valency 2p, and Aut( ) =G · I(P),
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Table 1
Sporadic simple groups for Theorem 6.2
G BM J1 J2 Ly Ly
p 47 19 43 37 67
q 31 11 37 67 37
where I(P) denotes the subgroup of Inn(G) induced by conjugation by elements
of P.
7. Line-transitive linear spaces
A 0nite linear space D= (P;L) consists of a 0nite set P of points and a set L
of subsets of P, called lines, with the property that every pair of points is contained
in a unique line. An automorphism of a linear space is a permutation of the points
which preserves the line set L. Thus the set of all automorphisms is a subgroup of
Sym(P). It is called the automorphism group of D and is denoted Aut(D). The linear
space D is said to be line-transitive if Aut(D) acts transitively on lines. By [4], if a
subgroup G of Aut(D) is line-transitive on D, then it is also point-transitive. There
are many in0nite families of examples of line-transitive linear spaces, and most of the
known examples have an automorphism group acting primitively on points. There are
strong restrictions on the structure of a group G which acts line-transitively and point-
primitively on a linear space. Camina [8] proved that such groups are either almost
simple, or are subgroups of aRne transformations. Indeed it was shown in [10] that
the same restrictions hold in the case of a quasiprimitive action on points.
Theorem 7.1. Let D be a 8nite linear space and G a subgroup of automorphisms
which is transitive on lines, and quasiprimitive on points. Then either G is an almost
simple group, or G is a group of a=ne transformations of a 8nite vector space. In
particular, if G is imprimitive on points, then G is almost simple.
Some progress has been made [9,11] in classifying line-transitive, point-quasiprim-
itive, linear spaces where the line-transitive group G is a 0nite alternating or symmetric
group, or a sporadic simple group.
Problem 7.2. Classify the linear spaces D that admit an almost simple line-transitive
subgroup of automorphisms G such that the simple socle of G is point-transitive.
Problem 7.3. Classify the linear spaces D that admit a line-transitive, point-primitive
subgroup of automorphisms G which is a group of a=ne transformations of a 8nite
vector space.
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Table 2
Small Delandtsheer–Doyen parameters for imprimitive pairs
x y c d k Comments
1 1 27 27 8 N 2OP2 designs [33]
1 2 7 13 6 Colbourn=Mills [13,32]
We shall say that (D; G) is an imprimitive pair if D is a linear space, G6Aut(D),
and G is line-transitive and point-imprimitive. In view of Theorem 7.1, it is reason-
able to assume that G is not quasiprimitive on points. Thus there exists a non-trivial
G-normal partition C of the point set, that is, C is the set of point orbits of a non-
trivial intransitive normal subgroup K of G. All of the known examples of imprimitive
pairs (D; G) have this property. Such examples include Desarguesian projective planes
D with non-prime numbers of points, taking G to be a ‘Singer cycle’, that is, a cyclic
group acting regularly on both points and lines. For these examples the number of
points v= k2 − k + 1. The only other known examples of imprimitive pairs are, up
to isomorphism, two linear spaces with (v; k) = (91; 6) and 467 linear spaces with
(v; k) = (729; 8). The former were discovered by Mills [32] and Colbourn [13], while
the latter were constructed in [33].
In 1989, Delandtsheer and Doyen [14] showed that, for any imprimitive pair (D; G),
the non-trivial G-invariant partition consists of d classes of size c, where
c=
(k2)− x
y
and d=
(k2)− y
x
for some positive integers x; y. We call x; y the Delandtsheer–Doyen parameters. It
turns out that min{c; d}¿3, and in the case of equality D is a projective plane. In the
case of G-normal partitions C, if D is not a projective plane then c¿5. However, we
do not know if this statement is true if C is not G-normal, see [15]. In the known
examples apart from projective planes, the Delandtsheer–Doyen parameters x; y are
both at most 2. A theoretical investigation in [15,42] of imprimitive pairs (D; G) with
a non-trivial G-normal partition for which x; y are very small has led to several possible
parameters for D, and groups G, for which we hope to 0nd new constructions of line-
transitive, point-imprimitive linear spaces. One result proved in [15] is the following.
Theorem 7.4. Let (D; G) be an imprimitive pair, D not a projective plane, with a non-
trivial G-normal partition C for which the Delandtsheer–Doyen parameters satisfy
x= 1, y62. Then one of the lines of Table 2 holds.
8. Quasigroups
We conclude with an unusual application of quasiprimitive groups, namely to
quasigroups. A quasigroup is a set Q with a single binary operation, denoted by
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juxtaposition, such that, if xy= z, for x; y; z ∈Q, then any two of the elements x; y; z
determine the third element uniquely. Thus each y∈Q de0nes a permutation R(y) of Q
by right multiplication R(y) : x → xy, and each x∈Q de0nes a permutation L(x) of Q
by left multiplication L(x) :y → xy. The multiplication group MultQ of a quasigroup
Q is the subgroup of Sym(Q) generated by the permutations R(x) and L(x), for x∈Q.
Now {yL(x) = xy | x∈Q}=Q since R(y) is a bijection, and it follows that MultQ is
transitive on Q. According to [34], an important research program in the theory of
quasigroups is to determine which transitive permutation groups arise as multiplication
groups of quasigroups.
There is a notion of simplicity for quasigroups, de0ned as follows. As well as the
binary operation de0ning a quasigroup Q there exist two further binary operations=
and\de0ned on Q such that (xy)=y= x; (x=y)y= x; x\(xy) =y, and x(x\y) =y, for
all x; y∈Q. Conversely, an algebra with three binary operations satisfying these four
identities is a quasigroup under any one of these operations (see [12]). A congruence
on a quasigroup Q is an equivalence relation V on Q such that, if (x1; y1); (x2; y2)∈V ,
then (x1x2f; y1y2f)∈V where f is any one of the three binary operations on Q. The
quasigroup Q is said to be simple if its only congruences are the trivial congruences
{(x; x) | x∈Q} and Q×Q.
According to [34], it is well known that MultQ is primitive on Q if and only if Q is
simple. In [34, Theorem 2] Phillips and Smith showed that Q is simple if and only if
MultQ is quasiprimitive on Q. An immediate but important corollary of these results
is that an imprimitive quasiprimitive permutation group cannot be the multiplication
group of a quasigroup. This is the 8rst general family of transitive permutation groups
for which it has been proved that groups in the family are not multiplication groups of
quasigroups. This result should be set against the fact, pointed out by Peter Cameron
in a lecture at the Fourth Isle of Thorns Conference on Finite Geometries in July
2000, that for almost all quasigroups Q, MultQ= Sym(Q). This is a consequence of
a result of Luczak and Pyber [28] that, for almost all g∈Sym(Q), the only transitive
subgroups of Sym(Q) containing g are Sym(Q) and perhaps Alt(Q); also it follows
from a result of HTaggkvist and Janssen [18] that MultQ is almost never contained
in Alt(Q).
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